Abstract. We present a direct, geometric derivation of the generalized Smarr formula for the stationary axially symmetric black holes with nonlinear electromagnetic fields. The additional term is proven to be proportional to the integral of the trace of the electromagnetic energy-momentum tensor and can be written as a product of two conjugate variables. From the novel relation we can deduce all previously proposed forms of the generalized Smarr formula, which were derived only for the spherically symmetric black holes, and provide the lowest order quantum correction to the classical relation from the Euler-Heisenberg Lagrangian.
Introduction
The classical thermodynamic Euler relation [1] [2] [3] or, as some authors call it [4] , the Gibbs-Duhem equation,
provides a constraint between the energy E, the temperature T , the entropy S and the rest of the pairs {(x i , X i )} of the conjugate, intensive and extensive, thermodynamic quantities that describe the system. The usual proof of this relation rests upon the assumption that the energy E = E(S; {X i }) is a smooth homogeneous function of degree 1 and the Euler's homogeneous function theorem [5] , which states that kf (X) = X · ∇f (X) holds for any smooth homogeneous function f : (R n ) × → R of degree k. Then we have
and the partial derivatives can be extracted from the first law of thermodynamics, resulting in (1) . Amazingly, as was first noted by Smarr [6] , the analogous formula holds for the Kerr-Newman black hole,
relating the mass M, the temperature T H = κ/2π (where κ is the surface gravity), the entropy S = A H /4 (where A H is the area of the black hole horizon), the angular velocity of the horizon Ω H , the angular momentum J, the electrostatic potential at the horizon Φ H (gauged so that it is zero at the infinity), and the charge Q H . The origin of the factor 2 in front of the T H S and the Ω H J terms comes from the fact that the mass of the KerrNewman black hole, written in the form M = M(A H , J, Q 2 H ), is a homogeneous function of degree 1 /2 (see also comments in [7] , Appendix to Chapter 3). This discrepancy with respect to the classical result should not come as a surprise once we are aware that we are looking at the system in the presence of the long-range, gravitational interactions.
The first step of generalization of the original Smarr's result was provided by the geometric ‡ derivation [8] [9] [10] [11] , based on the Komar integrals [12] . This has demonstrated that the relation (3) does not depend on the particular details of the Kerr-Newman black hole (see also [13] for a recent discussion about the dyonic Kerr-Newman black hole). Namely, the result is independent of the Eulerian scaling argument (we do not have to assume a priori that M is a homogeneous function), and independent of the first law of the black hole mechanics (which may bring in the procedure some subtle issues [14] ). The Smarr formula thus stands among the pillars of the black hole thermodynamics, an object of intensive research for the past four decades [15] which reveals a deep relationship between the gravitation, thermodynamics and quantum theory.
Apart from the black holes that appear in the solutions of the Einstein-Maxwell's field equations, there are also black hole solutions in theories with nonlinear electrodynamics (NLE). These models were introduced almost a century ago by Born and Infeld [16, 17] , in a quest for the alternative to the Maxwell's electrodynamics which could cure its inconsistencies associated with the infinite self-energy of the point charges, but it was soon realized that such nonlinearities appear in the quantum corrections to classical electromagnetic interaction [18] . This type of models have been also used to regularize the black hole [19] [20] [21] [22] [23] and the cosmological singularities [24] [25] [26] , as well as to mimic the cosmological "dark energy" [27] [28] [29] . The nonlinearities in the electromagnetic fields will be probed in the numerous forthcoming experiments [30] [31] [32] [33] .
The earliest attempt of the generalization of the Smarr formula to nonlinear models of electrodynamics was presented by Rasheed in [34] . However, the result was inconclusive, since after the initial sketch the author just states that the Smarr formula in the presence of the NLE fields cannot hold any more in its original simple form, thus leaving much to be desired. All subsequent analyses [35] [36] [37] [38] [39] [40] [41] of the thermodynamic properties of black holes with NLE approach the generalization of the Smarr formula for some special subcases, which were basically just the spherically symmetric black holes, and this was always done via Eulerian scaling argument.
The main objective of this paper is to derive the generalized Smarr formula, valid for any stationary axially symmetric black hole with the electromagnetic field defined by some of the nonlinear models. By utilizing the geometric approach we shall avoid pitfalls and limitations of the previous efforts, which will allow us to give a bird's-eye view on this aspect of the black hole electrodynamics and thermodynamics. One of our aims is to gain a better understanding of the conditions under which the relations of the Smarr type hold at all.
Before doing any concrete calculation we need do clear out what is the sought form of the result. We shall say that the theory admits a generalization of the Smarr formula if the charges are related by a formula of the form
which consists of the linear part,
defined by a set of real constants {c 1 , c 2 , . . .}, and a possible additional nonlinear function h which depends solely on the "horizon data" (i.e. products of various pairs of intensive and extensive variables evaluated at the black hole horizon). However, a typical interim result will be of the form h = h(M, Φ H Q H , . . .), leaving relation between the mass M and the rest of the variables in an implicit form (possibly with highly nontrivial corresponding explicit relation).
The paper is organized as follows. In section 2 we explain in detail all the basic assumptions that will be used throughout the paper. Section 3 is the central part of the paper with the derivation of the generalized Smarr formula for the nonlinear electromagnetic models. In section 4 we rewrite the additional term on the generalized Smarr formula as a product of a conjugate pair of an extrinsic and an intrinsic variable and in section 5 we use our relation to generalize the Smarr formula for the stationary axisymmetrc black holes with power-Maxwell electrodynamics. In section 6 we overview the spherically symmetric cases and derive the lowest order quantum correction to the Smarr formula coming from the Euler-Heisenberg Lagrangian. In the final section we summarize the results and discuss the most important open question. Finally, in the appendices we collect basic facts about the NLE models and some useful formulae from the differential geometry that were used throughout the paper.
Notation, conventions, remarks. We shall use the metric signature (−, +, +, +) and the natural systems of units with G = c = 4πε 0 = 1. We use the abstract index notation (as in [42] ) whenever the type of the tensor in an equation has to be emphasized, and the "indexless" notation (as in [11] ) to simplify most of the calculations (only some final examples are done in concrete coordinate systems). For the contraction of a symmetric tensor S ab with a vector X a we use the notation S(X) a ≡ S ab X b . Electromagnetic field 2-form F ab may be locally introduced via gauge 1-form A a as F = dA, while its Hodge dual * F ab is given by * F ab = 1 2
The two electromagnetic invariants are denoted by
We are looking at the class of nonlinear electromagnetic (NLE) models described by the Lagrangian of the form
For example, the canonical Maxwell's electromagnetic Lagrangian density is L (Max) = −F/4. We denote the partial derivatives with
By abuse of language we will usually refer to L as a "Lagrangian" instead of Lagrangian density.
Basic elements of the analysis
Let us first lay out the geometric setting upon which we will derive the Smarr formula.
We are looking at the smooth, asymptotically flat 4-dimensional spacetime (M, g ab , F ab ), which is a solution of the source-free Einstein-(generalized) Maxwell field equations,
where the energy-momentum tensor is
and the auxiliary 2-form Z ab is defined as §
Factors L F and L G are the source of the nonlinearity in the second generalized Maxwell's equation (11) . A convenient way to rewrite the energy-momentum tensor (12) ,
is done with help of the canonical Maxwell's energy-momentum tensor,
and the trace of the energy-momentum tensor,
Note that in the Maxwell's case, L (Max) = −F/4, we have L G = 0 and L F F = L , thus the energy-momentum tensor (15) is traceless.
The spacetime is assumed to be stationary axisymmetric with the corresponding stationary Killing vector k a and the axial Killing vector m a . Without any loss of generality we can assume that these two Killing vector fields commute [43, 44] . If the spacetime is axially symmetric we assume that the axis of symmetry (the set where m a = 0) is nonempty and intersects the domain of outer communications. Furthermore, we assume that the electromagnetic field inherits all symmetries,
for any Killing vector field ξ a . This, seemingly natural, is a highly nontrivial assumption which was analysed for the canonical Maxwell's electrodynamic in [45, 46] and more recently for the nonlinear electromagnetic fields in [47] . Given any Killing vector field ξ a we can introduce the electric 1-form E = −i ξ F and the magnetic 1-form H = i ξ * Z. Due to the generalized Maxwell's equation (11) and the assumption about the symmetry inheritance (17), these are closed forms, dE = 0 = dH. The Poincaré lemma implies that at least locally we can introduce the electric scalar potential, via E = −dΦ, and the magnetic scalar potential, via H = −dΨ. In order to guarantee that the electromagnetic scalar potentials are globally well-defined we shall assume that the domain of outer communications is simply connected, so that its first de Rham cohmology group is trivial (see e.g. theorem 15.17 in [5] ). We always make a gauge choice such that both Φ and Ψ vanish at the infinity. Note that there is also a sign ambiguity in the definition of the scalar potentials: whereas we are following here the usual, traditional choice, part of the literature (e.g. [11] ) contains the opposite choice (and compensate this with some other unconventional sign choices in order to get the Smarr formula in its standard form).
Finally, the spacetime contains a connected Killing horizon H[χ], generated by the Killing vector field
where Ω H is the "angular velocity" of the horizon [8, 11] As this will turn out to be the most convenient choice, we choose to define the electric and the magnetic field, as well as the corresponding scalar potentials Φ and Ψ, with respect to the Killing vector field χ a .
Since Ω H is a constant, the vector field χ a is well-defined on the same domain as k a and m a .
Geometric approach to the generalized Smarr formula
The basic quantities related by the Smarr formula may be introduced via well-known Komar integrals [11, 53] . For any smooth closed 2-surface S we define, respectively, the mass M S , the angular momentum J S , the electric charge Q S and the magnetic charge P S via
Q S = 1 4π S * Z , and
Let Σ ⊆ M be a smooth spacelike hypersurface, extending from the spacelike infinity to the horizon H[χ], which it intersects in the closed 2-surface
The two most important choices of the surface S will be S = H (in which case we shall denote the corresponding Komar quantities by M H , J H , Q H and P H ) and S = S 2 ∞ , the 2-sphere at the spacelike infinity (in which case the corresponding Komar quantities will be denoted by a letter without any index, M, J, Q and P ). Note, however, that Q = Q H and P = P H , as a direct consequence of the Stokes' theorem and the fact that the generalized Maxwell's equations (11) are source-free. It can be shown [11] that the Komar integrals (18) for these two choices of the integration surface, can be written in the following way,
Then, using the Einstein's gravitational field equation
we get the formula
Furthermore, there is also an additional geometric relation, closely related to the Smarr formula (3)
By combining these two equations we can express the total mass M as
This formula, which in slightly varied forms is sometimes referred to as a BardeenCarter-Hawking mass formula [54] [55] [56] , is a major intermediate step in the derivation of the Smarr relation in the presence of any matter or gauge field described by the energy-momentum tensor T ab .
With help of the auxiliary identity (B.6) we can write the Maxwell's electromagnetic energy-momentum tensor (15) in a following form,
We shall use here the electric 1-form E a and the magnetic 1-form H a , introduced via
Let us look at the following 1-form
On one hand we have
On the other hand, using (26),
Thus, using (14), we can write
So, if we assume some appropriate fall-off conditions, for example that Φ * Z = O(r −ǫ ) and ΨF = O(r −ǫ ) for some real ǫ > 0 (so that the term at the infinity drops), it follows that
where we have used the fact that Φ H and Ψ H are constant over H [χ] . Inserting this into the formula (25) we get the generalized Smarr formula
where
This is the central result of the paper. Furthermore, since by physical prescription in the black hole thermodynamics T H = κ/2π and S = A H /4, the equation (33) can be equivalently written as
If the spacetime is static with the nonrotating Killing horizon H[k], we can repeat verbatim the complete proof from above, just by inserting Ω H = 0, thereby reducing χ a to the Killing vector field k a . Since here we don't need the notion of the angular momentum J, the resulting generalized 
Using these two relations we immediately have a generalization of the Smarr formula for the static nonconnected case (compare it with the equation (19) in [57] ),
Obviously, in the case of the Maxwell's electrodynamics the energy-momentum tensor is traceless and we immediately have ∆ = 0. Conversely, if we take the condition T = 0 as a partial differential equation for the Lagrangian L (F, G), then on the set where F = 0 the general solution is of the form L = f (G/F)F, with some differential real function f , while on the set where G = 0 the general solution is of the form L = g(F/G)G, with some differential real function g. It is difficult to say if such class of models, apart from the canonical Maxwell's, has any physical merit.
In the general nonlinear case L = L (F, G), the difficulty of evaluating the integral in (34) and reducing it to the quantities at the horizon (and possibly those at the infinity) is directly related to the problem of writing the integrand in ∆ as an exact form, which would allow us to use the Stokes' theorem. By the symmetry inheritance, the integrand is a closed form,
Hence, due to the Poincaré lemma, we know that at least locally we can write T * χ = dσ for some 2-form σ. This, however, does not have to necessarily hold globally, unless some additional topological assumptions are imposed (see discussion in [58, 59] ). Whenever the 3-form T * χ is indeed an exact form, we can use Stokes' theorem to write ∆ in (34) as a difference between the term at the infinity and a term at the black hole horizon.
Correction as a product of a conjugate pair
Since all the terms on the right hand side of the generalized Smarr relation (33) are written as products of conjugate thermodynamics variables one might wish to bring the additional term ∆ to the same form. Indeed, this has been achieved via Eulerian scaling argument for the static, spherically symmetric black holes: first for the truncated BornInfeld Lagrangian (A.2) in [37, 38] and later [41] for the more general class of Lagrangians L = L (α, F) with a physical parameter α. Note, however, that all these results rely upon the assumption about the specific form of the first law of black hole mechanics which should hold in the presence of NLE, a proof of which has appeared in a recent unpublished paper [40] . According to the argument presented in [41] the additional term in the Smarr formula should be proportional to the product of the parameter α and an auxiliary quantity Π, defined by a volume integral of the partial derivative ∂L /∂α. We shall now demonstrate how to write ∆, defined by (34), exactly in this form.
All the examples of the Lagrangians presented in [41] are of the form L (α,
, where L is a real differentiable function. In this case a simple relation holds,
so that in turn we immediately have
which proves the claim. Again, our approach is independent of the first law and immediately valid for the stationary axially symmetric spacetimes, such are those with the rotating black holes. In fact, we can take this relation one step further towards more general relation. Suppose that we have a class of Lagrangians of the form L (β, F, G) = β −1 L (βF, βG), where β is a physical parameter and L is a real differentiable function of two variables. Here we have
so that
there is probably a typo in their formula (44) , which should include an additional integral over the angular variables holds, where we have introduced another auxiliary quantity
For example, if we write Euler-Heisenberg Lagrangian (A.3) in the form
we get
This is the lowest order contribution to the Smarr formula coming from the quantum electrodynamic effects.
The crucial question here is: What is the physical interpretation of the conjugate pair (β, C)? First, equations (34) and (42) show that C is proportional to the integral of trace T of the energy-momentum tensor. From this perspective, it seems that C may play the similar role as the cosmological constant in the black hole thermodynamics [27, 28, 60] . Second, note that there is an ambiguity in the choice of the parameter β. For example, if we use an alternative parametrization β = b λ , with some new physical parameter b and λ ∈ R × , we will have
As it was noticed in [38] , C −2 for the Born-Infeld NLE (A.1) has dimensions of the polarization density, so it is tempting to interpret it as some form of the NLE (vacuum) polarization.
The power-Maxwell electromagnetic Lagrangian
The ∆ term for the power-Maxwell model (A.5) can be relatively easily directly evaluated in the generality of the geometric setting that we are pursuing here. Suppose first that the Lagrangian is of the form L = L (F). Then, using (B.2),
If we contract the last equation with χ a , using (B.5) we get
More concretely, for
and after the integration as in (32) we get
In other words, the power-Maxwell class of models allows linear generalization of the Smarr formula (such that the nonlinear part h is exactly zero),
This result is consistent with the generalized Smarr relation obtained in [36, 39] for the electrically charged, spherically symmetric black holes. Here we must emphasize that the convergence of the integrals used above implicitly imposes some constraints on the parameter s for which the electromagnetic field is "well-behaved" at the infinity (e.g. in the spherically symmetric case we must have s ∈ 1/2, 3/2 , see next section). As expected, with the s = 1 choice we are back again at the canonical Smarr formula.
Spherically symmetric black holes
Let us turn to the special case of the static, spherically symmetric spacetimes. Most of the known static black hole solutions with the NLE [20, 21, 41, [61] [62] [63] [64] [65] [66] [67] have the spacetime metric of the form
written in the usual spherical coordinate system [42] . As above, we denote the stationary Killing vector with k a = (∂/∂t) a .
Several general remarks
Let us look at the details of the electromagnetic field in this spacetime. First, the theorem 5.6 from [11] , generalized for the NLE in [47] , implies that F (k, X (i) ) = 0 and * F (k, X (i) ) = 0 for any of the three Killing vector fields X a (i) that generate the SO(3) isometry. The electric 1-form E = −i k F and the magnetic 1-form B = i k * F (more convenient at this point than the 1-form H = i k * Z), we can write the electromagnetic 2-form as
and the corresponding Hodge dual as * F = E r (r)r 2 sin θ dθ ∧ dϕ + B r (r) dt ∧ dr .
The two electromagnetic invariants are given by
The Maxwell's equations (11) can be written as
In the spherically symmetric case the only nontrivial components are those for ν = t, which can be directly integrated to give
The integration constants are fixed by the definitions of the charges (19) . There are two linearly independent components of the Einstein's equation, G 
Have we used the slightly more general Ansatz with g tt = −e −2δ(r) f (r), the difference of the two components of the Einstein's equation,
, would again imply that δ(r) is a constant, which by the asymptotic conditions may be put to zero.
Our main interest are the integrals over the hypersurface Σ which intersects the horizon. As the original coordinate system {t, r, θ, ϕ} becomes singular at the black hole horizon we need to resort for some other coordinate system, regular at the horizon. The simplest choice is that of the ingoing Eddington-Finkelstein coordinates {v, r, θ, ϕ}, with the ingoing null coordinate v = t + r * and the tortoise coordinate r * , defined by dr * = dr/f (r), so that the spacetime metric becomes
The most important detail is that the Hodge dual of the Killing 1-form k a in this coordinate system has the form * k = r 2 sin θ dr ∧ dθ ∧ dϕ .
By the assumed symmetry inheritance we have T = T (r), hence the formula for ∆ can be now written (using v = const. hypersurface Σ) as
where r H is the radius of the black hole horizon. So, if it is possible to find a primitive function
such that lim r→∞ τ (r) = 0, then
The subtle detail here is that r H is usually some function of the quantities evaluated at the infinity, r H = r H (M, Q, P ). In principle, we can express the horizon radius r H and the charges Q and P with the mass M and the potentials Φ H and Ψ H via nonlinear system of equations consisting of the condition for the horizon, f (r H ) = 0, and the expressions for the potentials. However, the generalized Smarr relation obtained in this way will still have a form of an implicit formula for the mass M.
Here we may make a brief remark about the fall-off conditions in the powerMaxwell model. Suppose we have the purely electric case, the one in which B a = 0. From (59) we have E r = O(r −2/(2s−1) ) and Φ = O(r (2s−3)/(2s−1) ), which gives us restriction s ∈ 1/2, 3/2 for the convergence of the integral (32) . Furthermore, as r 2 F s = O(r −2/(2s−1) ), we need s > 1/2 for the convergence of the integral (34) . In summary, the constraint on the parameter s is that at least s ∈ 1/2, 3/2 .
Correction to the Smarr formula via horizon radius
The authors of [39] have presented a generalization of the Smarr formula for the static, spherically symmetric, purely electric black hole solutions, where the additional term is written explicitly with the horizon radius. They use the fact that E ex (r 2 , Q) ≡ M + r(f (r) − 1)/2, refered to as the "external energy function", is a homogeneous function of degree 3/2. Then, by the Euler's theorem it follows [39] that
We will show how to derive more general relation of this form, which reduces to the equation (67) in the purely electric case. Equations (60) and (61) may be integrated to
In order to assure that the terms are well-defined at the spatial infinity (i.e. for r → ∞), as part of the boundary conditions we shall assume that the metric function f can be written as
for some real ǫ > 0. Then, using the fact that f (r H ) = 0 and that the surface gravity is given by κ = f ′ (r H )/2, we have
The correction ∆ consists of the following contributions,
Now, the main point is that we can combine equations (68) and (69) so as to express ∆ using only terms on the left hand sides,
Since in the spherically symmetric case A H = 4πr 2 H , with this correction the generalized Smarr formula becomes finally
Born-Infeld model
The correction to the Smarr relation for the static, spherically symmetric black hole solutions in the Born-Infeld model [16, 17, 68] was analysed in [37, 38] and, as we have already remarked above, written as a product of a conjugate pair of thermodynamic variables. The main technical difficulty here is that most of the integrals involve hypergeometric functions. We will just briefly summarize the main results. In the purely electric case equations (59) can be easily solved, so that the electric field 1-form is given by
while the corresponding scalar potential on the horizon is
The metric function f can be obtained by integrating the equation (60) with the appropriate fall-off conditions,
Finally, as the Born-Infeld Lagrangian (A.1) is clearly written in the form
we may write ∆ BI = bC BI −2 , with
Note that the "Born-Infeld vacuum polarization" B, as defined in [38] , has the sign opposite to C BI −2 . Unfortunately, the final form of the Smarr formula thus obtained is an "implicit mess" and the best one might accomplish for the simplification is the form presented in the equation (74).
Euler-Heisenberg model
The spherically symmetric solutions for the Euler-Heisenberg NLE model (A.3) were analysed in [63, 67, 69] , however, without any proposed form of the generalized Smarr formula. Suppose that we have a purely electric case, namely B r = 0, thus G = 0 and F = −2E 2 r . Then, from the equation (46) we immediately have
One must take this formula with a grain of salt. Namely, as the Euler-Heisenberg Lagrangian itself is written in the weak-field approximation, this puts the limits on the validity of the last relation in a sense that e.g. the electric field must be much smaller than the critical field in the black hole exterior (see remarks in [67] ). From the equations (59) we have
so that the electric field may be expressed as
Furthermore, by integrating the equation (60), we have
Suppose that r + is the larger root of the quadratic equation
representing the outer horizon radius of the classical Reissner-Nordström black hole. Then the solution of the horizon condition f (r H ) = 0 can be written as r H = r + + O(α). Finally, keeping only the lowest order terms we have the Euler-Heisenberg's correction to the Smarr formula
Final remarks
Using various NLE models we have demonstrated how the novel master formula (34) for the correction to the Smarr relation can be easily used to deduce and generalize all previously known forms of the NLE Smarr formula. The fact that the generalized Smarr formula remains in its linear form only in some special cases, most notably in the power-Maxwell class of models (covered in the section 5), is probably the reason for the pessimistic attitude of the author of [34] . The most intriguing open question is the physical interpretation of the conjugate pair of variables which can be used to write the ∆ term, as discussed in the section 4. Apart from this, a careful analysis should be done regarding the generalization of the NLE Smarr formula in the presence of the cosmological constant [60, 70] , as well as for the higher dimensional black holes [71] [72] [73] [74] [75] [76] [77] [78] [79] . It remains to be seen if some of the relations presented in this paper could be tested by the forthcoming astrophysical observations of the black holes.
• Born-Infeld Lagrangian (introduced in [16, 17] ), an early model of nonlinear electrodynamics, is defined with a real constant b > 0 (which corresponds to the strength of the maximal field),
Whenever the condition F ≫ (G/b) 2 holds, this Lagrangian can be simplified to the truncated version,
• Euler-Heisenberg Lagrangian (introduced in [18] ) is the lowest order quantum correction to the classical Maxwell's Lagrangian,
where α is the fine-structure constant and m e is the mass of the electron (for details see e.g. [67] ). We usually use the abbreviation γ = α 2 /(360m 4 e ).
• Bardeen's model (introduced in [19] ), is defined with two real parameters M and g (we use the normalization from [21] with g > 0), • Power-Maxwell Lagrangian (introduced in [80, 81] ) is the simplest generalization of the Maxwell's Lagrangian, defined with a pair of real constants C = 0 and s = 0,
In order to exclude some physically unacceptable solutions, the value of the parameter s is usually restricted to rational numbers with an odd denominator [81] .
Appendix B. Several useful identities
The Hodge dual * ω of a p-form ω on a m-manifold is defined with For any vector X a and a p-form α a 1 ...ap we have the Cartan's "magic formula",
and a handy "flipping over the Hodge", i X * α = * (α ∧ X) , (B.5)
where, by abuse of the notation, the X on the right hand side of the last equation denotes the associated 1-form X a = g ab X b . The following auxiliary identities are indispensable in algebraic manipulations with the electromagnetic quantities, 
